The relativistic Doppler effect, generalized by replacing the square root by an arbitrary positive exponent, gives a condition which is equivalent to each of two compelling invariance properties involving the relativistic addition of velocities. We prove these facts under regularity and other reasonable background conditions. Accordingly, these two invariance properties are inconsistent with the Lorentz-FitzGerald Contraction.
A relativistic Doppler effect arises when a source of light and an observer of that source are in relative motion with respect to each other. When the source and the observer are moving toward each other at a speed v, the wavelength perceived by the observer decreases as a function of v according the special relativity formula [DE] Λ(λ, v) = λ 1 − This paper is concerned with the following generalization of [DE] :
in which ξ is a positive constant. Thus, [DE] obtains when ξ = 1 2 . We have investigated the relations between [DE*] and two compelling invariance properties on the function Λ expressed in terms of the relativistic addition of velocities, which is defined by
(cf. Hix and Alley, 1958; Feynman et al., 1963) . These two invariance properties are:
These conditions are easy to interpret and quite natural. The main purpose of this note is to state precisely and prove the result quoted informally below:
Under regularity and other reasonable background conditions on the function Λ, the following equivalences hold: 
Two Preparatory Lemmas
We write R + for the set of positive real numbers. The following result is well-known 1 (see Aczél, 1966) .
1 Lemma. The set of solutions of the functional equation
with m strictly decreasing, is defined by the equation
with respect to similarity transformations if for any x, z ∈ R + , a > 0, and y, w ∈ [0, c[, we have
In the sequel, we simply say in such a case that H satisfies [LOI] . The function H is said to satisfy the double cancellation condition if, for all x, z, t ∈ R + and y, w, v ∈ [0, c[ we have 
This result is essentially a special case of Theorem 21 in Falmagne (2004) . We include a proof for completeness.
Proof. For any constant a ∈ R + , define the function φ a : R + → R + by the equation
It is easily verified that any two functions φ a and φ b commute in the sense that 
Define a = . We have successively
Thus, from (4) we can deduce Λ(θ, w) ≥ Λ(λ, s). So, the function Λ satisfies the double cancellation. By a standard result of measurement theory (see Theorem 2, p. 257 in Krantz et al. 1971) , recast in the context of the continuity and strict monotonicity assumptions on the function Λ, this implies that there exists three continuous functions k :
, with k and G strictly increasing and h strictly decreasing, satisfying
From (5), we infer that
We now rewrite the function φ a in terms of k, G and a. Redefining the function k if need be, we can assume that
Thus, with v = 0, (6) becomes
which defines the function φ a in terms of the functions G, k and the constant a. Substituting φ a in (6) by its expression given by (3), we obtain
which simplifies into
Defining now x = k(λ) and y = h(v) and
, Eq. (9) can be rewritten as g a (xy) = g a (x)y. So, the function g a is necessarily of the form g a (x) = C(a)x.
for some function C : R + → R + , which must be continuous, since
. We have thus (k • ak
a Pexider equation defined for all a and λ in R + . Because the function k is strictly increasing, the set of solutions of (10) is given by the equations:
with positive constants A and B (cf. Aczél, 1966, Theorem 4, p. 144) . We obtain thus
Defining the functions
we obtain
Finally, by (7), we have f (0) = h(0) 1 B = 1. We recall that the function k of (5) may have been redefined to ensure that h(0) = 1. This redefinition of k is thus affecting the constant A of (11), which is now absorbed by the function F .
Main Result
For convenience, we reproduce the statements of 
Under those hypotheses, the following three conditions are equivalent: for all λ ∈ R + and v, v
The property captured by Equation (14) is empirically justified: there is no Doppler effect if the source and the observer do not move relative to each other.
Proof. As the function Λ satisfies all the conditions of Lemma 3, we must have
where F is strictly increasing and continuous, f is strictly decreasing and continuous, and moreover f (0) = 1. Using (14), we obtain
Thus, F is the identity function and (15) becomes 
which, using (16), becomes
Setting v = 0, we obtain 0 ⊕ v
in the right hand side, and so
which allows us to rewrite (17), after cancelling the λ's, as 
with m strictly decreasing and continuous. Applying Lemma 1 yields
for some constant ξ > 0. Rewriting (16) in terms of (20), we get with v = cx 
